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TABLE I
[[Tewlloo AND ||Tyw||2 FOR THE MixED
Ha/Heo AND REDUCED ORDER CONTROLLERS

lTT('" lco lTuu |2
Ha/Hoo 1.292 22.6493
10 ord. 1.281 22.8842
3 ord. 1.292 24.8594

simpler SISO case, we anticipate that the results will extend naturally
to multi-input multi-output problems.

Perhaps the most severe limitation of the proposed method is that it
may result in very large order controllers (roughly 2V), necessitating
some type of model reduction. Note, however, that this disadvantage
is shared by some widely used design methods, such as p-synthesis
or I; optimal control theory, that will also produce controllers with no
guaranteed complexity bound. Application of some well-established
methods in order reduction (noteworthy, weighted balanced trunca-
tion) usually succeed in producing controllers of manageable order.
The example of Section IV suggests that substantial order reduction
can be accomplished without performance degradation. Research is
currently under way addressing this issue.

APPENDIX A
PROOF OF LEMMA 1

Proof of Lemma 1: From the maximum modulus theorem, it fol-
lows that a controller Q; that is admissible for H2/Ho, s, is also
admissible for Hz /Hoo, 5, , , - Thus, the sequence y; is nonincreasing,
bounded below by the value of ||T¢,w, || obtained when using the
optimal 2 controller. It follows then that it has a limit ¢ > p°. We
will show next that ¢ = p°. Assume by contradiction that p° < u
and select u° < g < p. Since infgerm R+ Qllo < 7, it
follows that there exists Q1 € RHoo such that [|R + Q1ljc < 7-
From the definition of x° it follows that, given 7 > 0, there exists
Qo € RHoo, || R+ Qolloo < 7, such that ||T¢,0, (Qo)ll2 < p° + 7.
Let Q 2 Q, + €(Q1 — Q). It follows that

1 Teow0: (@)ll2 < 1° + 1+ €l T2(Q1 = Qo)l2
IR+ Qlleo < ellR+ Qulleo + (1 = IR+ Qolloo < -

Since @ € RHoo it follows that there exists 6 < 1 such that
T + T5°Q is analytic in || > 61. Since [|T° + T5°Qlloo < 7
it follows from continuity that there exists 6 < 1 such that
TT° + T5°Qlls, s, < 7. Therefore, by taking € and » small enough
and 6 2 ma{{&l, 62} < 1 we have that ||T7° + T2°°Q||oo,.s <75
and ||\T¢,w, (Q)|l2 < f2. Hence for 6; > 8, pi < ji. This contradicts
the fact that the sequence g, is nonincreasing and that g < p =
lims, 1 pi- 0
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‘Hoo Control of Nonlinear Systems via Output
Feedback: Controller Parameterization

Wei-Min Lu and John C. Doyle

Abstract— The standard state space solutions to the .. control
problem for linear time invariant systems are generalized to nonlinear
time-invariant systems. A class of local nonlinear (output feedback) Hoo-
controllers are parameterized as nonlinear fractional transformations on
contractive, stable nonlinear parameters. As in the linear case, the Hoo
control problem is solved by its reduction to state feedback and output
estimation problems, together with a separation argument. Sufficient
conditions for H-control problem to be locally solved are also derived
with this machinery.

I. INTRODUCTION

Linear Hoo control theory has a simple state space characterization
[3], which has clear connections with traditional methods in optimal
control. These facts have stimulated several attempts to generalize the
linear Hoo results in state space to nonlinear systems [2], [13], [6],
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[11, [91, [5), (14}, [8], [10]. We will use the accepted but unfortunate
misnomer “‘nonlinear H." to describe this research direction, which
will be pursued further in this paper.

Our goal in this paper is to obtain a local H controller param-
eterization. Both plant and controllers are nonlinear time-invariant
and realized as input-affine state-space equations. The H . -control
problem is treated by the use of similar techniques in the linear
case [3], and is solved by its reduction to state feedback and output
estimation problems, together with a separation argument. Sufficient
conditions for the output feedback H ~ -control problem to be locally
solvable are also derived using this machinery. The solvability of
the H..-control problem requires locally positive definite solutions
to two Hamilton—Jacobi inequalities (HJI’s) and these two solutions
satisfy an additional condition. A class of local H..-controllers are
parameterized as a nonlinear fractional transformation on locally con-
tractive and stable nonlinear operators. In [9], a more comprehensive
treatment for nonlinear H -control problem is given.

The rest of this paper is organized as follows: in Section II, the
'H  -control problem is stated. In Section III, the simpler output
estimation problem is considered. In Section II, the main results
of this paper, local solutions to the output feedback H..-control
problem, are given; the solvability of this problem requires the
coupled positive definite solutions to two HI’s, and a class of local
‘H  -controllers are parameterized.

The following conventions are made in this paper. R is the set
of real numbers, R":= [0. <) C R. R" is n-dimensional real
Euclidean space; if © € R", then ||u|| is Euclidean norm of u.
R"*" is the set of real n x m matrices; if A € R"™™, then
AT € R™*" is the transpose of A. A function is said to be of
class C* if it is continuously differentiable & times; so C° stands for
the class of continuous functions. || - || stands for the Euclidean norm.
B,:={r € R" | ||x|| < r. for some integer n > 0}; we shall not
specify the dimension of the environmental space, and always use the
same r to denote its radius without confusion. ¥': R* — R™ is locally
positive-definite if there exists » > 0 such that for x € B,, V(2) =
0 = o = 0;itis globally positive-definite if V(x) = 0 = » = 0, and
lim, V() = . £2[0.T], £2[0. <) are two standard Lebesgue
Spaces; £5[{0. ) is the extended space of £2[0, ). UG, K)
represents fractional transformation of operator G' on operator A’;
S (M. M) stands for the Redheffer product of operators M, and
M, (see [11], [9] for exact definitions).

II. NONLINEAR H »-CONTROL PROBLEMS

Consider the following input-affine nonlinear time-invariant (NLTT)

system.
r{i

where » € R" is state vector and w € RP and : € RY are
input and output vectors, respectively. We will assume f, g, h,
k € C° and f(0) = 0, h(0) = 0. Therefore, 0 € R" is the
equilibrium of the system with w = 0. The state transition function
0: RT xR" x £3]0,5c] — R" is so defined that + = (T, xq, w™)
means that system P evolves from initial state & to state z in time
T under the control action w”.
Definition 2.1:
i) System P (or [f(x). g(x)]) is reachable from zero if for all
v 6 R", there exist T € R* and w*(t) € £2[0, T)] such that
o(T. 0, u'*);
i) System P (or [h(2). f(r)]) is (zero-state) detectable if for all
r€RY, hot. x. 0))=0= oft. 2. 0) = 0 ast — <.

= f(r) +g(2)
= h(x) + (1)u
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Fig. 1.

Definition 2.2: System P is said to have L>-gain less than or
equal to 5 for some v > 0 if

T i T N
] ||:<t>||‘dfs~,2l ()2t
0

for all T > 0 and w(t) € L2[0. T, and z(¢) = h(o(t. 0.
k(o(t, 0. w(t))w(t).

The following result characterizes the Lo-gain for a class of
nonlinear systems [13], [9].

w(t))+

Proposition 2.1: Consider system P with R(r):= I — 2
(z)k(x) > 0 for all + € R", if there is a C' function V:R" — R
with V'(0) = 0 such that

. 0
H(V. )= Z=(2)(f(r) = g(e) R ()& (0)h(2)
101 I )
+25(A‘)9(")R (x)g” (&) or ()
+ R ()T = k(a)k ()" h(e) < 0. o
then V(z) < |lw||? — ||z]|*; moreover, P has £> — gain < 1.

In the followmg, we denote FG as the class of all input-affine
NLTI systems which are asymptotically stable with zero input and
related HJI H(V, x) < 0 has a positive definite solution.

Next, we state the H.-control problem. The feedback configu-
ration for the Hoo-control synthesis problem is depicted in Fig. 1,
where G is a nonlinear plant with two sets of inputs: the exogenous
disturbance input w and the control input u, and two sets of outputs:
the measured output y and the regulated output =. I\ is the controller
to be designed. It is required that the closed-loop system, which is
the fractional transformation of G on A" and denoted as nonlinear
operator (G, '), be well posed. Both G and A" are nonlinear time-
invariant and can be realized as control-affine state-space equations.
That is

= fla) + g()w + g2 (2)u
Gz = hi(x)+ ki (x)w + kia(a)u
y = ha(ar) + ka1 (2)uw + koo (2)u

where f, gi, hi, kij € C* and f(0) = 0, h1(0) = 0, h2(0) =
r, w, U, z, and y are assumed to have dimensions n, py, p2, g1, and
g2, respectively.

with a, b, ¢, d € C? and a(0) = 0, c(0) = 0.

The initial states for both plant and controller are x(0) = 0 and
2(0) = 0. We shall consider the following output feedback (OF)
'H o -control problem.

Hoe-Control Problem: Find an output feedback controller Ii' (or
a class controllers) if any, such that the closed-loop system (G, L)
is asymptotically stable with w = 0 and has £, — gain < 1, i.e.,

T
/ () = 1= P)de > 0
0

for all T € R*.
The following assumptions on system structure are made:
A]) I\u(.l)—o ]\)2( )—0

A2) kiy(e)[hi(e) kia(2)] = [0 1],
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@) |z, _ [0
A3) [hn(m)]kil(z) - [I]
It is noted that, when the H .-control problem is considered, many

nonlinear systems can be transformed into systems with the above
structural constraints as in the linear case [12], [3].

II. Hoo-CONTROL SYNTHESIS: OUTPUT ESTIMATION

The Hoo-control problem is solved by its reduction into a simpler
problem, which is called output estimation (OE) problem. The system
in this case has the following structure

&= f(z) + g1(x)w + go(2)u
z=hy(z)+u

y = ha(z) + k21(z)w.

The assumption for this structure is

GoEg:

(@) |, 7 0
A3 k: = .
) Lkn(m)] 21(Z) I
e OE H o -controllers are constructed by using the similar idea to

the linear case in [3]; the detailed construction and the consideration
of stability issue are given in [9].

Theorem 3.1: Consider Gog; suppose there exists a C3 positive
definite solution U(z) to HIT

Hre(U, z):= %g(:t)f(z)

T
+ i @a @ @%@
+ h{ (2)ha(2) = b (2)ha() £ 0

with U(0) = 0, and U(x) makes the Hessian matrix of Hrc (U, )
with respect to x € R™ be negative definite at zero. If a C? matrix-
valued function Lo(x) satisfies

o (@)Lo(z) = ~2] (@)

then there is a controller which makes the closed-loop system have
L2—gain < 1; such a controller is given by
# = f(&) — go(&)h1(&) + Lo()h2(Z) — Lo(&)y
KOE: _ ~ .
u = —hi1(&)
The following two lemmas are required in the proof; their proofs
are given in [9]
Lemma 3.2: Suppose U(z) and Lo(x) are given in Theorem 3.1,
define

Hor(U, Lo, 2):= 52(2)(1(2) + Lo(z)ha(a))
+ 1 @01 + Lo@)kn (@)@ (@)

+ Lo(x)k212(m))Ta—8U;(r) + AT (z)h1(x)

then 'Ho[(U, Lu, :1:) = HFC(U, a:)

Lemma 3.3: Suppose that U(x) and Lo(z) are defined as in
Theorem 3.1. Let , & be states of systems Gog and Kog, e =
& — x. Define

Hale, 2= S0 ()F@) = (@) + Lo(2)(ha(2) ~ h(z)

+ 1% ()0 @) + Lo@hrz(@) (a1 (=)

auT

+ Lo(@)kiz(@))" 25 ~(e)
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+ (b (&) = b (@) (1 (&) = I (2))
- @@ - n @ @)

Then for all (z, £) € 8, with some » > 0, He(e, ) < 0.
Note that if H.(e, #) < 0, then
2 (@) ~ 7(@) + Lo(@)(ha(2) — ha())
= (Lo(@)kns(2) + g1 (2))w)
< T (e)(o(®) = go(&)) (@)
+ [0l =l (2) = b @I

Now, we prove Theorem 3.1 based on the above observation.
Proof: Consider Q(Gog, Krc) which has following realiza-
tion

&= f(z) = go(®)h1 (&) + g1 (z)w
z = f(&) = go(£)h1(Z) + Lo(#)(h1(Z) — ha(2) — ka1 (x)w)
z = hy(z) — b (&). i

Let e = & — =, for (x, &) € Br.
Ule) = %—Z(e)((f(i) = f(@) + Lo(&)(h2(%) — h2(x))

- (Lo(@kar (2) + 1 (2)0) = F2 () (00(@)

- 90(2))h1(%)
< =Mzl + flwll®.

the last inequality follows from the preceding lemma. Thus
T
/0 (lwl” = |211*)dt > U(e(T)) = U(0) = U(e(T)) 2 0.

for all T > 0, which implies £o—gain < 1. O
Theorem 3.4: Under the assumption of Theorem 3.1, if in addition,

Ly () is such that 8U/8x(z) L1 (z) = —2h{ (), then the controller
u = Q(Mog, Q)y with Mog given by

&= f(£) - go(#)h1 (&) + Lo(£)h2 (% — y)+(92(2)+ L1(¥))uo

u=—hi1(£)+ uo

Yo =ha (%) -y
for all Q € FG also makes the closed-loop system (locally) has
E'z - gam S 1.

Proof: Consider Q(Gok, Q(Mok, Q)) for Q € FG which
has following realization.

 [€=a(© +5(Owo
Q: .
o = c(§)

Let Uq be a solution to the HIT with respect to @ with state €, then
Uq(€) < llyoll® — |luol?. The similar argument shows that there
exists r > 0, for (z, &, &) € B,

Ue) < lwll® = li2I* = llgoll® + lluoll*.
Thus .
Ue)+ Uq () < Izl + llwll® < == + wlf?.
Therefore

T
/0‘ (=1 = llw||*)dt < U(0) = U(e(T)) = —U(e(T)) < 0

for all T € R*, which implies the L2 — gain < 1. O
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IV. 'Ho,-CONTROL PROBLEMS: MAIN RESULTS

We now consider the general H .. control problem. The nonlinear
time-invariant plant is realized as control-affine state-space equation

b= fle)+ gi(e)w + go(a)u
G:{ == hi(0)+ k()
y = hole) + kor(2)u

where f(0) = 0, h,(0) = 0, h2(0) = 0; @, w, u, =, and y are
assumed to have dimensions », pi, p2, ¢1, and g2, respectively.
The following assumptions are made
A2) kL(a Mh(x) k(o)) =[0I,
gile) | 0
A3) For () kale) = {[:l’
A4) [hi(2). f(2)] is zero-state detectable.

The following two quantities are defined

oV’

Hin(Ve )= S fla) 4 b (o))
10V ot
+ 1 5 (O (g () = gale)gd ()5 ()
®
o 19U ’
iU = Sof )+ T2 (gl (0% — ()
+hi ()l = b3 (0)ha (). @

The main idea of construction is to convert the general problem
OF into the simpler problems which have been solved.

Let V(&) > 0 be the solution of Hrr(V. &) < 0. Define
14 ov! 1 4 ovT
Fote):= =502 (1)) Fi(e):= 5010 (£)=5— ().

Let r:= w—Fi () and v: = u— Fy(.r). After the change of variables,
the original plant G becomes G, as follows

r= folr)

+ gi(x)r + go(r)u
Gu:{v=h.(r)+u
gy = ha(e)+ kar(2)r

where f,(2):= f(a)+ gi{w)Fi(x), ho(a):i=
Lemma 41 C0n31der systems G and G,. If the controller i
makes Q(G,. ') have L,—gain < 1, it also results in Q(G. i)
having L£>—gain < 1.
Proof: Note that = = (G, KN)w and r = N Ga. W),

Folx).

Since V(&) > 0 satisfies Hpr(V. x) < 0, let ¥(xr) > 0 be such
that Hey (V. ) + v(a) = 0. then
- av’
T(v)= ﬁ(.r)(f(.r) + gi(e)w + g2(w)u)
2 : 1 ovt P
= el = o= gt 0 G
1 ovt )P
+ 1 u+ 5(/2 (~l)w(-l) — ()
< == A el = fell® + ()1
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So for all T > 0

T 2 2 1 2 2
/ <||u<||-+||:u->drz/ ell? = [t
0 0
T 5
7)) z/ ell? = 1171 .
0

/<||v||2—||ru‘2>drzo:»/ (el = =12yt > 0.
0 0

+17(a(

d
Note that system G, is of OE structure and satisfies the structure

assumption A3). Define

Ho(W. &)= {gi &) fala
19W 1 on"
+ E’T(-")yl(-")yl () ()

+ h“ (r)ha(e) — hQ (r)ho(2).

Take W(x) = U(x) — Vi(x) with B(0) =
V(xr) > 0 is given just now. Note that

U(0) — V(0) where

Hao(W. &) = Hpe(U. ) — Het(V. 2) = Hee (U, 2) + w(x)

where v(x) > 0 is such that He (1. r) + v(2) = 0. Thus,
Ho (W, x) < 0ifand only if Hyc (L, w)+ ¢ (x) < 0. Assume U(r)
is such that Hrc (U, «) + ¢(«) < 0 has a negative definite Hessian
matrix at x = 0, then H, (1. ) also has negative definite Hessian
matrix at + = 0. Suppose Lo(x) is such that OW/dx()Lo(x) =
—2hi (r). The conwoller I for the new OE structure given by

Theorem 3.1

It b= fa(d) + g2(3
Y Ne= ha(2)

is such that system Q(G,. Iv') locally has £,—gain < 1.

By Lemma 4.1, Q(G. L) has £>—gain < 1. Next, we examine the
stability of the closed-loop system $2(G. L) which has the following
realization

d= fle)+ g2 () Fo(d) + gr(0)u
b= fre () + Lol (ha(d) = ha(e)) + Lo(@)kay (0)w
z=hy(e) + k(o) Fy(e)

P)ha (&) + Lo(2)ha(&) — LIy

where
(@)= f(a

Take ¢ = & — . Note that H,( -} has negative definite Hessian
matrix as does Hrc (L. -). Moreover, there is some locally positive
definite 7: R* — R, such that if (x. #) € B, for some s > 0, then
Hao (W, e) + w(e) < 0; moreover

) 4 g1 () FL(E) + o (8) Fo(2). “@

ey < il = lell”* ~

Let Lop(r. e) = V(x) 4+ W (e) with ¢ = & — x. By assumption
V' (x) and W (e) are positive definite, so is Loy (. ¢), and it can be
used as a Lyapunov function. Take v = 0

Vi) < =f=l” + ||2 =l

Lor(z. e) =V (2)+ W (e) < —||zI” = w(e) < 0.
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Then Lor(z, €) =0 => z =0 and (e) = 0 = & = 0 [assumption
A4)] and e = 0. Thence, Lopf (z, e) is locally negative definite, the
closed-loop system is thus locally asymptotically stable.

Therefore, we have the following result about output H.,-control
problem, an equivalent version of which was obtained by Isidori
earlier in [5].

Theorem 4.2: Consider G, if there is some ¥(x) > 0 with
%(0) = 0 such that

i) There exists a positive definite V' (z) which solves the Hamil-

ton-Jacobi equation Hr1(V, z) + ¥(x) = 0 with V(0) = 0.

ii) there exists a positive definite U(x) which satisfies the HJI:

Hre(U, z) + ¢¥(z) < 0 with U(0) = 0. And Hpc(U, =) +
¥(x) has nonsingular Hessian matrix at zero.

iii) U(z) — V(z) > 0 is positive definite. And

(5@ - 5r@ ) 2o = 205 @)

has a solution Lo(z). Then the H..-control problem is
(locally) solvable, and such a controller is given by
{5‘6 = fk(%) + Lo(&)ha() — Lo(&)y

U= Fo(:ﬁ)-

Note that H.-controllers have separation structures. The sepa-
ration principle for the 7 -performance in nonlinear systems was
confirmed by Ball-Helton-Walker [1] (see also [5]). The following
result gives a H.-controller parameterization.

Theorem 4.3: Consider a system G satisfying the condition in
Theorem 5.1. If in addition L,(z) satisfies

(@ -5 @ = -2

then the controller v = Q(M, Q)y with M given by

&= fx(¥) - Lo(®) y+(9(&)+ Li(&)uo
u= Fo(i‘) + ug
Yo =ha(2) —y
for all @ € FG also (locally) solves OF H.-control problem.
Proof: By Lemma 4.1 and Theorem 3.4, it follows that the
closed-loop system (G, K) with K = Q(M, Q) has Lo-gain < 1.

Now it is sufficient to consider the stability issue. Suppose Q has the
following realization

[€=a(®) + 5E)wo
Q: {uo = c(§)

and Uq(£) is such that Ug(£) < Jjuol|? — |lyo||>. Take w = 0, the
closed-loop system has following hierarchical structure

&= f(2) + g2(=)(Fo(2) + ¢(€))

£= a(§) + b(£)(ha (&) — ha(x))

z = fx (%) + Lo(%)(h2(E) — ha(2)) + (92(&) + L1(€))e(6).
Let V, W: R* — R™ be positive definite and defined as in the

preceding discussion. Denote e = & — x. Similar arguments to
Theorems 3.4 and 4.2 show that

W(e) < lirll* = loll* ~ lyoll” + lfuoll — w(e)

for some positive definite 7: R® — R™. Define Lor(z, ¢, £):=
V(z) + W(e) + Uqg(€) as the Lyapunov function of the closed-loop
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system, then Lor(z, e, £) < —||2||? — n(e). Now Lor(e, ) =
0= w(e) = 0and |2} = 0, s0 e = 0 and z = 0; the latter
implies z(t) — 0 as ¢ — oo by A4); on the other hand, if e = 0,
z = 0, then £ = a(&), which is asymptotically stable and £(t) — 0
as t — oo. The interconnected system is locally asymptotically stable
by LaSelle’s theorem and Vidyasagar’s theorem [15]. O
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