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Fig. 2. Flexible structure example.

Example: Consider the rotational motion of a flexible spacecraft
with three torque actuators (one for each orthogonal axis of rotation)
and 3 collocated attitude sensors. The 3 x 3 transfer function from
the torque input to the attitude (position) output, y,, is given by
_G)
T

G(s) (29)

where

;s

P
"(s) = X — x5
Gs) = s +;SZ+2[HUJ1'S+OJ?

where G'(s) is the transfer function from the torque input to the
attitude rate y,(=g,); a; = of > 0 (i = 0,1,2,---,p), and
ao is nonsingular; w;(>0) represents the natural frequency, and
pi > 0 represents the inherent damping ratio for the ¢th elastic mode
(i=1,2,---,p). It can be verified that G'(s) is PR and has no zeros
at the origin (it may have zeros at other locations on the imaginary
axis). Therefore from Theorem 1, it can be stabilized by any MSPR
controller that has no poles on the imaginary axis, except possibly
at the origin. Let C(s) denote a 3 x 3 stable transfer function which
has no zeros on the imaginary axis, and suppose H(s) = [C(s)/s]
is MSPR. Then H (s) stabilizes G’ (s). Examining the block diagram
in Fig. 2, C(s) stabilizes G(s). In other words, a flexible spacecraft,
which has zero-frequency rigid-body modes as well as damped or
undamped elastic modes, is stabilized by the controller C(s) which
has the above properties. The stability does not depend on the number
of elastic modes or the parameter values, and is therefore robust.
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Properties of the Mixed ;. Problem and Its Bounds

Peter M. Young and John C. Doyle

Abstract— Upper and lower bounds for the mixed p problem have
recently been developed, and here we examine the relationship of these
bounds to each other and to x. A number of interesting properties are
developed, and the implications of these properties for the robustness
analysis of linear systems and the development of practical computation
schemes are discussed. In particular we find that current techniques
can only guarantee easy computation for large problems when g equals
its upper bound, and computational complexity results prohibit this
possibility for general problems. In this context we present some special
cases where computation is easy and make some direct comparisons
between mixed p and “Kharitonov-type” analysis methods.

I. INTRODUCTION

The mixed p problem inherits many of the (appropriately gen-
eralized) properties of complex p, but in some aspects the mixed p
problem can be fundamentally different from the complex s problem.
In this paper we study the relationship between p and its bounds for
the mixed case and compare these findings with the corresponding
results for the complex case. A number of interesting properties of
p and its bounds are developed. As well as providing useful insight
into the nature of the worst-case solution, these results have important
implications for the robustness analysis of linear systems with real
parametric uncertainty and the development of practical computation
schemes for such problems.

In Section ITT we examine some of the basic properties of the mixed
4 problem, and upper and lower bounds for mixed ;= are presented
in Section IV [1], [2]. These bounds are used in [3] to form the basis
of practical computational software for the mixed p problem which
is currently available as part of the p-Tools Toolbox [4].

Section V examines the properties of the worst-case solution for
general mixed p problems, and in Section VI we examine some
special cases of the mixed p problem for which computation may
be easier. In particular, we briefly consider the rank-one mixed g
problem and its relationship to “Kharitonov-type” analysis results.
It is shown that for this problem we have sufficient structure to
alleviate the computational complexity of the general problem (which
is NP hard) and develop an exact solution. The case of real matrices
is also considered in detail. It is shown that for real matrices and
nonrepeated parameters, then the mixed and complex p upper bounds
are identical. This result has implications for the use of frequency
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sweeps versus state-space s tests and time-invariant versus time-
varying perturbations.

II. NOTATION AND DEFINITIONS

The notation used here is fairly standard. For any square complex
matrix M we denote the transpose by M7 and the complex conjugate
transpose by M ™. The largest singular value and the spectral radius
are denoted by 5 (M) and p(M), respectively. The real spectral radius
is defined as pr(M) = max{|A|: A is a real eigenvalue of M} with
pr(M) = 0 if M has no real eigenvalues. For a Hermitian matrix
M, then A(M) denotes the largest (real) eigenvalue. For any complex
vector z, then 27 denotes the transpose, z* the complex conjugate
transpose, and |z| the Euclidean norm. We denote the k x k identity
matrix and zero matrix by I and Oz, respectively (occasionally we
will drop the subscripts when the size is clear from context).

The definition of the structured singular value, 4, is dependent upon
the underlying block structure of the uncertainties which is defined as
follows. Given a matrix M € C™*™ and three nonnegative integers
My, M, and m¢ with m = m, +m.+mec < n, the block structure
K(my,me,mc) is an m-tuple of positive integers

K= (- k) (1)

where we require y .-, ki = n so these dimensions are compatible
with M. This now determines the set of allowable perturbations,
namely define

5 kmrv kmr+1a AR kmr+mc7 kmr+mc+17 ce

Xe = {A = block diag(6] Ty, -+ 6 Tk, s 55Tk 11se -+
8% I AT, ALL): 67 ER,E € C,
A e Ckmr+ma+ikaT+mc+i}_ @

mptme

Note that Xxc C C"*™ and this block structure is sufficiently general
to allow for repeated real scalars, repeated complex scalars, and full
complex blocks. Note also that the full complex blocks need not be
square, but we restrict them as such for notational convenience. The
purely complex case corresponds to m, = 0, and the purely real
case to m, = mec = 0. 7

Definition 1 [5]: The structured singular value, upx (M), of a
matrix M € C™*" with respect to a block structure X(m,, m¢, me)
is defined as

e (M) = (Ane]i)?)c{ﬁ(A): det(I — AM) = 0})_ )

with px (M) = 0 if no A € X solves det(] — AM) = 0.

In this paper we will be concerned directly with the properties of
w4 and its bounds, rather than how to use u as a robustness analysis
tool. For the reader unfamiliar with p based techniques, a fairly
comprehensive review is given in [6).

To develop upper and lower bounds for x4, we need to define some
sets of block diagonal scaling matrices (which are also dependent on
the underlying block structure)

Ok = {A € Xx: 6] € [-1 1],67°67 =1,

AT AY =Ty e} @
Ux = {U € Qx: U*UZIn} )
Dx = {block diag(D1,- -+, Dinrtmes

dlIkmM_m,cH, s dmede,, )t

D; = Df € CF** 4, € R} ‘ ©)
Dx ={D € Dx: D > 0} (7)
Gx = {block diag(G1,- ", Grmn, Okpoyy1s > Ok, ) v

Gi = G € CFexkey, ®)

We introduce one further piece of notation. For any two vectors
z,y € C", then partition z and y compatibly with the block structure
as

|z 7 7 .. T T T T
T =Ty Ty, Toy  Tep, Oy ECmy,

©)

T
T T T v T T
y= [yrl Y Yoo Yom YOr ~-ycmc}

where o, 4r; € CF, @0,y 40, € CFrrti 2o, yo, € Clmrtmeti,
These will be referred to as the “block components” of 2 and y.

III. BASIC PROPERTIES OF MIXED

The mixed p problem inherits many of the basic properties of the
complex u problem (see [5]). In some aspects, however, the mixed u
problem can be fundamentally different from the complex v problem.
In this section we will present some basic properties of the mixed
u problem and contrast them with the corresponding results for the
complex p problem.

From the definition of mixed y in (3), one may readily derive the
following properties (the complex p versions of these were originally
presented in [5]):

a) pc(yM) = |ylux (M) for all M € C**™ and v € R.

b) ik (I.) = 1 for any block structure.

¢) px(A) = a(A) for all A € Xk.

d) m, =0,m.=0,mec =1 = ux(M)=5(M).

e) mr=0,m.=1,mc=0 = ux(M) = p(M).

D mr=1mc=0mc=0 = ux(M) = pr(M).

g) For any M € C™*" the following sequence of inequalities
holds ) :

pr(M) < ux(M) < 7(M).

h) Forall A € Xi,Q € Qk then QA € Xk, AQ € Xy with
(@A) < 7(A),7(AQ) < 7(A).

i) Forall A € Xi,U € Ux then UA € Xk, AU € Xx with
G(UA) = 5(A),a(AU) = a(A).

) DAD™! = Aforall A € Xx and D € Dx.

K ax(QM) = ue(MQ) < px(M) for all M € C™ " and
Q € Ok. '

b ux(UM) = px(MU)
U € Uxk.

m) px(DMD™) = pux(M) for all M € C™*" and D € Dx.

n) For any M € C™*" the following sequence of inequalities
holds

= pux(M) for all. M € C**" and

<
Jaax prR(UM) < Joax Pr(QM) < pxc (M)
< _inf 5(DMD™').
DeDk

Note that there are important differences betwéen some of these .

- properties and their complex u versions. The scaling property a) holds

for v € C for complex o problems. The function pr may be replaced
by p in any of the above for complex u problems:

Note that p is invariant to matrices in I/, (which: are block unitary)
)] but not to matrices in Qx (which may not be unitary) [k)].
The reason that we introduce the set Qx is that it will be seen in
Section IV that maxqe g, pr{QM) = pux (M), whereas it is easy to
constract examples where maxy cu,. pr(UM) # px(M). Thus we
find that the real parameters may take worst-case values that are ot
on the boundary of the allowable set. This contrasts with the complex
p case where Qx = Uy so that one may always assume the worst-
case perturbation is g-invariant and on the boundary of the allowable
set (i.e., unitary). Note that for mixed problems one may still assume
the complex blocks of the worst-case perturbation are unitary.
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Mixed p is invariant to similarity transformations with matrices
in Dx [m)] and this leads to the third inequality in n) which is the
usual complex p upper bound. This upper bound is exact for purely
complex block structures with 2m. + mc < 3 (see [7]). In general,
however, it is not exact for any mixed block structures with m,. # 0.
In fact, a better upper bound for mixed p problems with m, # 0
will be presented in Section IV (see [1]).

IV. UPPER AND LOWER BOUNDS FOR MIXED p

Note that although Definition 1 gives an exact expression for g, it
involves an optimization problem which is not, in general, convex. It
is now known that the problem is NP hard [§], so to yield tractable
computation schemes, attention has focused on upper and lower
bounds for mixed g problems.

The key to obtaining a lower bound lies in the fact that the g
problem may be reformulated as a real eigenvalue maximization. The
following theorem is taken from [2].

Theorem 1 {2]: For any matrix M € C"*™ and any compatible
block structure K

Joax pr(QM) = px(M). (10)

The function pr(Q M) is nonconcave, and so we can only guar-
antee to compute a local maximum in (10). Thus we only guarantee
to compute a lower bound to p (which is the global maximum).

Now consider an upper bound for p. Note that one could, for
the purposes of the upper bound, cover the real perturbations with
complex ones (and then use the complex g upper bound) since this
would cover the admissible perturbation set Xx. This approach,
however, does not exploit the phase information that is present in the
real perturbations, and hence the bound is frequently poor. The upper
bound presented in [1] does exploit this phase information and gives
a bound which is never worse than the standard upper bound from
complex p theory [see property n)] and is frequently much better.
The following is a slightly modified version of results from [1].

Theorem 2 [1]: For any matrix M € C"*" and any compatible
block structure IC

e (M) < Debgfseg,c o?}é‘n {6 M"DM +3(GM - M"G)

~ %D < 0}. (1D

Since the above minimization involves a linear matrix inequality,
it is quasi-convex (so that all local minima are global), and hence
this bound is computationally tractable. The practical computation of
these upper and lower bounds is treated in [3].

V. GENERAL PROBLEMS

Of course, in general, we cannot guarantee to compute p exactly,
for reasons discussed earlier. We can still gain some insight into
the properties of the problem, however, from an examination of the
conditions at the minimum of the upper bound.

Suppose that we have 3 > 0 as a candidate solution of the upper
bound minimization problem (11) (if 8 = 0 it trivially equals ), and
if the infimum is achieved, then take Do, Go as the corresponding
arguments. If the infimum is not achieved, then Do, Go are defined
as follows. First choose sequences D¥, G*, 8, with D* € Dx,G* €
Ok such that A(M*D*M + j(G*M — M*G*) — $2D*) = 0 and
Br | B. Note that we can normalize each element of the sequence
such that &(block diag (D*,G*)) = 1. Then D*,G* are bounded,
so that by passing to a subsequence we have convergent sequences,
and we define Do, Go via the appropriate limits, i.e., D¥ = Dy and
G* — Gy with Dy € Dx, Go € Gk and Do > 0.

Theorem 3: Suppose we have M € C™*™ together with Do, Go
and 8 > 0 as above. Then if the maximum eigenvalue of (M™ Do M+
J(GoM — M*Go) — B%Dy) is distinct, 8 = px(M).

Proof: If 8 = 0 the result is trivial, so assume 8 > 0. Choose z as
the unit norm eigenvector, corresponding to the maximum eigenvalue.
Then it is easy to check, via a simple perturbation argument, that we
must have

2*(M*DM — 3*D)z >0 forall D€ Dx
z(GM - M*G)z >0 forall G € Gk.

But now by continuity, and the definition of Dk, Gk, this implies
that in fact we have

t*(M*DM - 3°D)z >0 forall D€ Dx,D>0

2 (GM - M*"G)z=0 forall G € Gk. (12)

Now suppose that (M«); and x; represent one of the block compo-
nents of (M) and z, and that D; and G; represent the corresponding
blocks for D and G. We will choose every other block of D and G
to be identically zero.

Suppose first that we have a full complex block. Choose D; = I
and (12) implies that |(Mz):| > Blzi|. Thus there exists a matrix
A;, with (A;) < 1, such that A;(M=z); = Bz;. For a repeated
complex scalar block in addition to the above, one may choose D; as
a positive semidefinite matrix with a kernel spanned by (M ),. Then
we have D;(Mz); = 0, so that applying (12) we find that D;z; = 0.
By construction of D;, this implies there exists a complex scalar §;,
such that §;(Mz); = Sz:, and from the above we may take |§;] < 1.
Finally for a repeated real scalar block then in addition to the above
we may choose G; = I and (12) implies that 27 (Mz); = (Mz); ;.
This implies 87 |(Mx);|> = 8;|(Mz):|? and so we may take 6; € R.

Applying the above relationships to each block component, and
stacking them up, we obtain A € Xk, 7(A) < 1 such that AMz
=fz. Thus 8 < pux (M) and hence 8 = ux(M). g

This theorem is an extension of a result in [1], where it is
additionally assumed that the infimum in the x upper bound (11)
is achieved. In fact, this assumption that the infimum is achieved has
strong implications for the worst-case perturbation.

Theorem 4: Suppose we have M € C™*"™ and a compatible block
structure K. Then if the infimization in the p upper bound (11) is
achieved and equals px (M), we have

ax pr(UM) = px (M) (13)

Proof: Recall that maxvueu, pr(UM) < px(M). Hence the
result is trivial for px (M) = 0, so assume ux(M) > 0. Then
by a simple scaling argument we may, without loss of generality,
assume ux (M) = 1. Suppose we have the perturbation Q) € Qx
achieving (10), or in other words Q@ € Qx and € C™ such that
QMz = = with z # 0. This implies that the block components of
the vectors @ and Mz satisfy

@ (Mz)r, =xp;, for i=1,-++,my
g (Mz),, = w.,, for i=1,---,m. (14)
Q?(M:z:)ci:xci for i=1,---,mc.

Now by assumption we have D € D, G € Gk such that (M* DM+
J(GM — M*G) — D) <0, so that in particular

«*(M*DM +3(GM — M*G) — D)z < 0.

Expanding this expression out and substituting for (14), one can
derive that

™Moy 1
3 |DZ (M),

i=1

*< Z laf | DZ (M), |? (15)
=1
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(note that all the complex blocks ¢f, Q? are unitary). Since we have
lgf| < 1foralli=1,---,m., this implies that

1
lgf| <1 = |D? (Mz),,| =0.

But in this case, since D; > 0, this implies (Mz),, = 0, and hence
by (14), zr, = 0. Thus we may take ¢/ = 1 for all such blocks and
still satisfy @Mz = z but now with Q € Uk. O

Note that this theorem says that whenever the upper bound is
achieved and equals p, then the worst-case perturbation may be
taken to be on a vertex. Of course for the complex blocks we can
always restrict our attention to the boundary of the uncertainty set,
but for the real uncertainties this is not the case. It is interesting
to consider whether the worst-case perturbations are typically on a
vertex or require internal reals. In fact, it can be shown that, at least
for rank-one problems, neither case is generic [9], [10].

VI. SPECIAL CASES

Note that although the general mixed 2 problem is NP hard [8], this
does not mean that every p problem is hard to compute. In particular,
if we consider restricted special cases of the general problem, by
imposing additional structure on M, then it is possible to find classes
of mixed p problems which we can compute exactly.

-~ A. Some Simple Special Cases

First we briefly consider some elementary special cases for which
computation of p is easy. These results are simple extensions of
results for the complex p case, and we include them here for
completeness. The proofs are left to the reader (or see [9]). First
note that for Hermitian matrices we can trivially obtain the following
result.

Lemma I: For any Hermitian matrix M € C™*" and any compat-
ible block structure K, then ux (M) = ¢ (M) = p(M) = pr(M).

Next we consider positive matrices, i.e., matrices whose elements
are positive real numbers. For these matrices there is a wealth
of results from Perron-Frobenius theory (see [11], for example)
regarding eigenvalues and singular values, and these lead to the
following result for pu.

Lemma 2: For any positive matrix M € R"*" and any compat-
ible block structure K with m¢ = 0 (i.e., only scalar uncertainties),
then px (M) = minpep, 6(DMD™) = p(M) = pr(M).

These two cases are not of too much interest in themselves, since
they are rarely encountered in practice. They may be of some interest,
however, in providing crude bounds for more general problems. One
example of such an application for the complex u problem is provided
in [12] where the optimal scalings for the positive matrix case are used
to approximate the optimal scalings for a more general g problem.

B. The Rank-One Case and “Kharitonov-Type” Results

Consider the problem of computing mixed p for a matrix of
rank one. This situation arises in a number of different settings,
including perturbed single-input—single-output (SISO) coprime factor
models and interval plants. One particular case which gives rise
to a rank-one problem is the so-called “affine parameter variation™
problem for a polynomial with perturbed coefficients. This problem
has been examined in detail in the literature, and several celebrated
“Kharitonov-type” results have been proven for variations of this
problem (see [13], for example). We refer the reader to [10], [14],
and [15] for examples of classes of problems that lead to rank-one
(4 problems.

The rank-one case is studied in detail in [10], where the following
result is proven.
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Theorem 5: Suppose we have arank-one matrix M € C™*", then
px (M) equals its upper bound from Theorem 2.

This theorem says that for rank-one problems; 4 ‘equals its upper
bound and is hence equivalent to a convex problem. This reinforces
the results of [15] and offers some insight into why the problem
becomes so much more difficult when we move away from the
“affine parameter variation” case to the “multilinear” or “polynomial®
cases (see [16]). These correspond to p problems where M is not
necessarily rank one, and hence may no longer be equal to the upper -
bound, and so may no longer be equivalent to a convex problem
(note that there exist rank two matrices for which p does not equal
its upper bound). :

C. Real Matrices

As we noted earlier, it is always possible to obtain an upper
bound for a mixed p problem simply by treating the real parameters
as complex and using the standard complex p:upper bound. The
upper bound from Theorem 2. however, is frequently much better
than the complex p upper bound because of the extra degrees-of-
freedom we have in choosing the G scaling matrix (note that if
we restrict ourselves to G = 0,,, we recover the complex u upper
bound). Unfortunately it is not always possible to improve upon the
complex p upper bound via the G scaling matrix as is illustrated by
the following results. ] )

Theorem 6: Given a matrix M € R™*" and any block structure
K, define the following subsets of Dx and Gx

Drx = {D € Dx: D € R™*"}
Orx = {G € Gx:jG € R™"}

and the following optimization problems

(16)

=, ol [glelﬁ{a: M*DM + j(GM — M*G)
—~abD < 0}]
G = mia{a: M*DM +j(GM - M"G) '

inf [
D€DRx,GEGRy L€

—aD < 0}] a7

then ax = &. ]

Proof: Clearly we have that o < &. Now suppose we have D
€ Dx,G € Gk and « € R such that M*DM +J(GM — M*G) —
aD < 0. Split D and G into their real and imaginary parts as
D = Dr+jD;, G = Gr+jG with Dg, D;,Gr,Gr € R™*".
Then it is easy to show that D, G'r are real symrnetric, and Dy, G
are real skew symmetric. Now we have that

M*DM +j(GM -~ M*G)—aD <0
= " (M"DM +j(GM ~ M*G) ~aD)z <0 VzeC"
=" (MTDM +j(GM — MTG) —aD)z <0 Vz € R™
Now we note that (M~ DM + j(GM — MT @) = aD) = S +jW
where
S = MTDrM +§((iG1)M — M (iG1)) — aDx
W =M"DiM +GeM - M"Gr ~ aDy.
It is easy to check that S is real symmetric, and W is real skew
symmetric, so that 27 (8 +jW)z = 2T Sz Yz € R™. Thus we have
2T (MTDrM +j((GG1)M — MT(iG1)) — aDg)z <0 Yz € R®
= (M*DrM +j((jGr)M — M*(jGr)) — aDg) < 0. ‘
Similatly we can show that D > 0 == Dr >.0 and so Dr €
Drx,(JGr) € Grx which gives & < oy and hence aix = &. O
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Basically Theorem 6 says that when computing the upper bound
for real matrices, we may restrict our attention to purely real D € Dy
(ie., D € Dx is real symmetric) and purely imaginary G € Gk (e,
G € Gk is of the form G = jG where G is real skew symmetric). As
a consequence of this we immediately obtain the following theorem.

Theorem 7: Suppose we have a real matrix M € R™*" and a
block structure K with k; = 1 for ¢ = 1,---,m, (i.e., none of the
real scalars are repeated), then

pepitheg | minfo: M DM +§(GM ~ M'G) ~aD < o}]
= int [inelg{a: M*DM - aD < 0}] 18)

where Drx is defined as in Theorem 6.

Proof: Apply Theorem 6 to conclude that we may restrict our
attention in the left-hand side of (18) to D € Drx, G € Grk.
Now note that for this block structure (none of the real scalars are
repeated) G is diagonal (and Hermitian) and hence purely real. Thus
we have Grx = {0.}. O

‘Note that Theorem 7 says that for u problems involving real
matrices where none of the real scalars are repeated, the choice
G = 0, in the upper bound is optimal, or in other words the mixed
4 upper bound equals the complex u upper bound. This result has
important implications for the analysis of linear systems subject to
real parameter uncertainty. For the remainder of this section we will
assume that none of the real parameters are repeated, so that Theorem
7 applies.

Note first of all that for a (nominally) stable linear system, then the
transfer matrix approaches a real matrix at high and low frequencies.
Thus we immediately find that the mixed and complex g upper
bounds approach each other at the extreme frequency limits. This
means that if the peak value of the p plot (across frequency)
is occurring at one of these limits, then we will not be able to
differentiate between real and complex parameters in the upper
bounds. For such problems, we may refine the bounds via more
powerful computational tools, such as Branch-and-Bound [17]. Note
however that we will not be able to guarantee reasonable computation
times on large problems for such schemes, since the problem is NP
hard. Recall that the only large problems we can (currently) guarantee
to compute in reasonable time are those where p equals its upper
bound.

It is possible to avoid using a frequency sweep when computing p,
by noting that the state-space representation of a linear system can be
rewritten as a linear fractional transformation. This state-space p test
is fully detailed in [6] (for the complex p case), and the procedure
essentially amounts to including the frequency parameter, z, as one
of the uncertainties against which robustness is desired. In this way
one obtains a one-shot test, involving a constant matrix p problem,
for the worst-case robustness margin across all frequencies. Note,
however, that this matrix is real (since A, B, C, D are), so that this
test will not differentiate at all (in the upper bound) between real
and complex parameters. Again one may alleviate the situation, at
additional computational expense, via Branch-and-Bound techniques.
Note that in this setting the Branch-and-Bound procedure is also
partitioning the frequency variable z, so that this may be thought
of as doing an intelligent frequency sweep.

In fact, the complex p upper bound for this state-space p test
is a robustness margin in its own right. It is shown in [18] and
[19] that this test is exact, but with respect to linear time-varying
uncertainties. The implications of Theorem 7 for robustness analysis

with time-varying parametric and dynamic uncertainties is currently
under investigation.

Note that by further restricting this class to purely real ;1 problems,
we obtain the following well known “vertex result.”

Lemma 3: Suppose we have a real matrix M € R"™*" and a
block structure K with m, = n, m¢ = m¢ = 0, and k; = 1
fori =1,---,m, (ie., none of the real scalars are repeated). Then
it suffices to consider perturbations at the vertices of the allowed
perturbation set.

This result follows immediately from the fact that det(I, — AM)
for A € Xx is a real-valued multilinear function of the 6;’s. For
these problems then we can compute p exactly by checking a finite
number of points. Note, however, that the required computation grows
exponentially with problem size, so that this result is only applicable
to small problems, and in fact, even this restricted class of the mixed
p problem is NP hard [20]. The extent to which assumptions about
the structure of M can affect the computational complexity of the
problem is evident on comparing Lemmas 2 and 3.
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